Sample examinations

1. Evaluate the limit or explain why it does not exist. Usg —oo or “does not
exist” where appropriate.

22 4+r—6 sin ¥
a lm —————— b.
z——3 3 4+ 322 — 5z — 15 19%0\/19-',-2—\/2
e i 3+ 2z + 522 — 223 d i 6x + 1
. lim —4——— .o lim ——
z—00 3z2+x+7 z——o00 \/4x2 — 3
2. Find a value ot such that
(@) Ver—1 ifx<5,and
x) =
g 200/z2  if x> 5,

will be continuous ab.

3. Given the following graphs (with unit lengths marked alomg ttoordinate

axes), evaluate the following if possible. Assume #i¢t) = 1 andg(1) = %
=g(x

a. lim f(z) y=9@
z—0

f(=@)

b. lim
z—0— g m)

c. g'(0)
d. f'(0)
e. (f/9)'(1).
f. (fog) (1)

4, a. State the Mean Value Theorem.

b. Find all values of that satisfy the conclusion of the Mean Value Theorem for
f(x) = z(Inx)? on[1,e], or else explain why there are no such values.

5. Given the function

x
f@) =
find f(z) using the limit definition of the derivative.

6. Find dy/dx for each of the following:

1
a.y::(:2—|-2“"”—|-ln|:c|—ﬁ-l—{”/aﬂ-‘,—\/e27r

b. y = sin(2x — 3)% — cos®(2zx — 3)

¢ y— ( 3z +4 )3
5x2 41
(5 + 2)2e5®
@2 - V)23
7. Determine the values af at which the graph of has a horizontal tangent line,
whereg(z) = (x — 3)%(3x + 4)3.

d. e®™ =17z —tany e y= (2z+3)2*+3 f y=1In

8. Find an equation for the tangent line to the graph of
3x+5
z2+3

y =
wherezx = 1.

9. Given the curver? 4 zy + y? = 4.

a. Finddy/dx.

b. Determine all point$x, y) on the curve where the tangent line is parallel to the
liney =« + 4.

10. State the Product Rule for derivatives, and prove it usiedithit definition of
the derivative.
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11. A new hydro-electric dam is built on Algonquin land in ParcldeVérendrye.
When the dam is finally closed, the flood waters spread outiatte form of
a semi-circle centred at the middle of the dam, at a ra®&06f000 m? per hour.
At what rate is the radius of the flooded land increasing w@90,000 m2 of
traditional native hunting grounds have been covered?

12. Sketch the graph of
2+ — 22

(x—1)?
13. A rectangular cage (called a battery cage) for a laying henaheolume of
0.016 m3. While the European Union will have phased out battery cagex)12
and Germany has already banned them, in Caf&8a of all hens are housed in
battery cages. If the material for the base of the cage caste$n? and the ma-
terial for the sides and the top cost$er n?, then what would be the dimensions
of a lowest-cost battery cage with heightt m?

flz) =

14. Find the absolute maximum and absolute minimum values ofuhetion f
on the closed intervdl—1, 4], wheref (z) = 522/3 — x5/3.

3
15. Consider the definite integr7[ (42? + 1) d.
1

a. Find an approximation to the value of the integral usingearnn sum with
right endpoints and four rectangles.

b. Express the given definite integral as a limit of Riemammsand evaluate this
limit without using the Fundamental Theorem of Calculus.

16. Find the position functiors(t) of a moving particle which has an acceleration
functiona(t) = 12t2 — 3sint, an initial velocity ofv(0) = 0m/s, and an initial
position ofs(0) = 3m.

17. Evaluate the following integrals.

5 2
a. /(w°+€/x2—5z+52)dac b. / +27
d 3 -2
C./—\/a}3+5d:c d. / sin® z dx
dx sin?

18. Find the area between the graphsyof= 2 + 3/x, * = 1, x = e and the
z-axis.

19 The graph off’ on[0, 4] is shown below. The (shaded) area aboverttaxis

is E' and the total (shaded) area below #haxis i |s
y = f'(z)
2
1
xT
12 3\/4
—1
Given thatf(4 — z) = f(x) andf(0) = 1, answer the following questions.

a. Determine the all (local and global) extremafadn [0, 4 ] (x and y-values).
b. How many points of inflection dog&have on|0, 4]? Justify your answer.

c. Evaluate
d [ [v* 2
£ rom)
dr \J1

and simplify your answer as much as possible.

r=4




Sample examinations (solution outlines)

1. a. Factoring and simplifying the expression in the limitegv
lim 224+ —6 _ (x43)(x—2) z—2
e—-3 23+ 322 -5z —15 2--3 (x+3)(a2 —5) «—»-3z2-5
__5

=-2
b. Rationalizing the denominator gives

) sin VU +244/2 ) {sinﬁ }
lim = lim VI + 2+ 4/2 = 2./2,
9=0 /I +2—/2 I+ /2 90 o ( v ) v

since lim 2% — 1,
¥—0
c. Extracting the dominant powers efrom the numerator and denominator gives
. 34 2x 4522 — 223 . 3/x3 +2/x% +5/x —2
lim ———— = lim qx -
z—>00 32447 T—00 3+1/z+7/x2
since the limit of the right factor i&% asr — oo.
d. Extracting the dominant powers afrom the numerator and denominator gives

= —00,

hm L {L.M}:_g
w00 \/igZ =3 w——oco| /a2 /4 —3/z2 :
since the limit asx — —oo of the right factor is3, and\/ac2 =—zifz <O.
2. Since
g(5) = lim g(z)=+v5c—1, and lim g(z) =38,
@5~ w5+

it follows thatg is continuous ab if, and only if,/5c — 1 = 8, or (since neither
side of the equation can be negatiée)- 1 = 64, which givessc = 65 orc = 13.

3. a. lim f(z)=1.
z—0

b. lim G oo, sincef(z) — 1 andg(z) — 0t asz — 0.
z—0— g(:c)
c¢. ¢’(0) = 0, since the graph of has a horizontal tangent at the origin.

d. f/(0) is undefined since inspecting the graphfakveals that
f(t)—f(0) J-1 ift<0,and
t—0 |4 ifo<e
e. Inspecting the graph gfreveals thaff (1) = % andf’(1) = % This, together

with the given informationg(1) = % andg’(1) = 1, and the Quotient Rule,
implies that
P\ o P = fg'() _ 55 —5-1
(1) = 2 = —— = 5.
g (9(1)) (2)

f. From f/(t) = % fort > 0, ¢’(1) = 1, and the Chain Rule, it follows that

(fog) (M) =f(g(M)g' () =F(3)g'(1) =3 1=73.
4. a. If f is continuous orja, b] and differentiable orf a, b ), then there is a real
number¢ in (a, b) such thatf(b) — f(a) = f'(£)(b — a).
b. If f(x) = z(Inx)? then f is differentiable on( 0, co ), and therefore contin-

uous on[ 1, e] and differentiable orf 1, ¢ ). So the Mean Value Theorem implies
that there is a real numbégrin (1, e) such thatf(e) — f(1) = f'(£)(e — 1), i.e,

e= (€2 +mé)(e—1), or (In€)?+Ing=—"—.

e—1
The left side of the equation is one less tifam¢ + 1)2, and hence
2e—1 2e—1
me+1)2=-—% +1=""""1 or Ine+1=4,/"°"",
e—1 e—1 e—1

2e—1
which gives¢ = e V=T asthe only solution i 1, ¢).
5 If f(z) =z/(z+ 1), then

P(@) = lim t/(t+1)—z/(z+1) tz+1) —z(t+1)

t—x t—ax _t‘rg (t+1)(m+1)(t—w)
. t—=z — im;
=im (t+D)(z+1)(t—x) = (t+1)(z+1)
1
T @+1)?
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6. a. Sincey = 22 + "2 4 In|z| — J271 4 22/3 + 7, it follows that

d
Yoy +e*P2 oyt %x72 + 2471/8,
dx 3
b. If y = sin(2z — 3)® — cos®(2x — 3), then
d
dﬁ =12(2z — 3)° cos(2z — 3)® + 12 cos® (2 — 3) sin(2z — 3).
X
c. Logarithmic differentiation gives
dy d

3 10z
do = Vg Voslvl} = 3y{3x 14 5a241 }
_ —150% — 40z +3 | _  3(3z +4)?(1522 4 40z — 3)
- y{ B3z + 4)(522 + 1) } - (502 1 1)
d. Differentiating the given equation with respectitgives

d d d
e”Y y—i—:c—y = 17—sec2y—y, or (:(:exy—i-sec2 y)—y =17 — ye®Y,
dx dx dx

and so
d_y _ 17 — ye™V
de  ze® +secy’
e. Ify — (2:E + 3)2x+3 — e(2x+3) 10g(2x+3)’ then
d
dl = (20 43)108(2243) [916g(22 + 3) + 2(2¢ + 3)/(2z + 3)}
T

=22z + 3)%*T3(1 + log(2z + 3)).
(5z + 2)2e5®
(2 - vax)?/3

d 10 —Llg=1/2 1 1

Y 2% =19 45y :

dr  5x+2 2— 4z 5z + 2 3(2 — Vz)Vz
7. If g(z) = (z — 3)°(3z + 4)3, then

g'(x) = 5(x — 3)*(3z + 4) + 9(zx — 3)°(3z + 4)?
= (x — 3)*(3z + 4)% (242 — 7),

f.lfy=1In = 2In|5z + 2| + 5z — %1n\2—\/x\,then

— 2.
3

and so the tangent line to the graphgab horizontal ifz is —%, % or 3.
8 Ify= 3x+5,then
2 + 3
dy _ 3(z% 4+ 3) — (3z + 5)(2x) _9—10z — 322 g
dx r=1 (1‘2 + 3)2 z=1 (1‘2 + 3)2 r=1 4

andy|z:1 = 2. Therefore, the tangent line to the graph of the given cunibhea
point wherer = 1 has equation: + 4y = 9.

9. a. Differentiating the given equation with respectrtgields

dy dy dy dy 2z +y
—+2y— =0, or 2y)— = —(2 ; SO — = — .
dm+ ydw (2+ y)dm (2e+y) dx T+ 2y

b. The line with equationy = z + 4 has slopel, so a line tangent to the given
curve is parallel to this line if, and only if,

2r+y
T+ 2y -
Replacingy by —z in the given equation of the curve yields

2x+y+x

1, ie,

20 4+y=—x—2y, O y=—x.

2?2+ ax(—z)+ (—z)? =4, ie, 2z2=4, andso z==+2 andy = F2.

Therefore, the line tangent to the given curve is paralléhline with equation
y = = + 4 at the point{2, —2) and(—2, 2).

10. If the functionsf andg are differentiable at, then so is their produgtg, and
(f9)' (=) = f'(2)g(x) + f(x)g' (x); for

t—x t—x

— Jim f(t)g(t) — f(vr’).f/(t)t+ Fl2)g(t) — F(2)g(x)
=z —_x

= “m{w -g(t)} 4 f(@) - lim LD =90
t—x t—ax t—x t—2x

= f'(@)g(@) + f(z)g' (2),
by the linearity of limits, the product law for limits, the fildtions of f’(x) and
g’ (z), and the fact thag is continuous (since it is differentiable) at



Sample examinations (solution outlines)

11. If A denotes the area (in square kilometres), atide radius (in kilometres),
of the semi-circular region of flooded land, thén= %ﬂrz, and so

. dA  dr

5 = E 71'7”5.
WhenA = 2,r = 2/4/m, and so
a_ 2dr o odr 2
5 NZ dt 5w
Therefore, the radius of the flooded land is increasing ateaaf2 /(5/7) square
kilometres per hour whe square kilometres of land have been covered.

12. The domain off isR \ {1}, and sincef (z) — oo asz — 1, the graph off
has a vertical asymptote with equatien= 1. Sincef(z) — —1 asz — +oo,
the graph off has one horizontal asymptote with equatips- —1. The intercepts
of the graph ard0, 2), (—1,0) and(2, 0), the latter being found by factorizing
2+ 2 —ax2=(1+2)(2— ). Next, since

_2+z—2® 2-(¢-1)—(z-1> 2 1
fo) =12 = (@—1)2 Seon? w1 "
one has 4 1 s

o=yt e - e

which is positive ifx < 1 orz > 5, and negative it < z < 5. Therefore,f is
increasing or{ —oo, 1) and on(5 o0 ), and is decreasing dfl, 5 ), with a local
(and global) minimum a5, ——) The second derivative gf is

() = 12 2 2(7—:2)’

(z-1* (z-1)2 (z-1*

which is positive ifx < 7 andx # 1, and negative ift > 7. Therefore, the graph
of f is concave up orf—oo,1) and on(1,7), and concave down 07, co ),
with a point of inflection at7, — %0). Below is a sketch of the graph ¢f with the
asymptotes drawn as dotted lines and the points of inteneghasized.

Y
. 2+ —2?
C (a—1)?

(That the graph off meets its horizontal asymptote at the pait —1) can be
seen by solving the equatiof(z) = —1.)
13. If £ andw denote, respectively, the length and width of the cage (itreag
then the volume of the gage ig= = Z/w, sow = 5=¢~!, and the cost of the
cage isC' = 20w + §£+ %w = % + 2£+ 13,6 1 Whereé > 0. Then

ac d’c 4 -3

2 _ 2 —
% =5 me Z 2(25¢%2 — 1), and o2 =15

Since the only positive zero aiC/d¢ is 1 = andd?C/d¢? > 0if £ > 0, it follows
(by the Second Derivative Test for global extrema) that thelkest value of”' on
(0,00) occurs atl. If £ = 1 thenw = 1
with side 2 m and heigh2 m

14. If f(x) = 5x2/3 — £5/3 = 22/3(5 — x), then
F(z) = %m—l/s g 2/3 _ 3 132 — ),

which is zero ifx = 2 and undefined i = 0. Comparingf(—1) = 6, f(0) =0,
f(2) = 3¥4andf(4) = 2/2, reveals that the absolute minimum valuefabn
[—1,4]is 0 and the absolute maximum value pbn|[—1,4]is 6.

15. a. Dividing [1, 3] into four subintervals of equal length givése = 1 and

=1+ z orl, 2,2, 2,3 The corresponding right endpoint sum is

Ry = %( )+ £@) + f3)+ £(3)) = 2 (104 174 26 + 37) = 45.
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b. Dividing [1,3] into n subintervals of equal length giveAz = % and
z; =1+ %z The corresponding right endpoint sum is

2 2\ 2 2 & 16i 1642
17 — 1 = — — 1 — -
‘Z"_nlbmmn;{4(l+n) +1} nl;mmn;{5+ —+ — }
10 32,
= 21+ +$Zz
=1
10 32 1 32 1
:Z-TL-FE 3" n(n +1)+$~En(n+l)(2n+1)
=10+ 16(1+1/n) +
and therefore,

i=1
L(1+1/n)(2+1/n),

3
/ (42® + 1)dz = lim %, =10+ 16+ 32 = 110,
1 n— o0
16. The velocity function is
t
a = v(0) +/ (1272 — 3sin7) dr = 4t% + 3cost — 3,
0
and the position function is
t
s = s5(0) +/ (472 4+ 3cos T — 3) dr = t* + 3sint — 3t + 3.
0
17. a. Integrating term by term gives
/(:(:5 + ¥a? — 5% +5%) da = %xﬁ + %\'5/907 +5%/(log 5) + 25z + C.

b. Expanding, dividing and integrating term by term, gives

4 2 4
/ @+2)° dr = / (23/% + 422 4 42=1/?) da
1 vz 1

4
_ (%m5/2+%m3/2+8x1/2) 1 _ %56.

. . L d -
c. Sincev/z3 + 5 is an antiderivative ofd— Vz3 + 5, one has
i

d
/d—\/m3+5dx:\/m3+5+c.
X

d. Dividing and integrating term by term gives

in2
/de:/ﬁ—%zs&m)dx:3m+2cosm+C.
sin® x

18. Since2 + 3/z is continuous and positive ofl, e], the area in question is
equal to
€

= (2¢e+3)
1

/e(2+3/x)d:c:(2:c+3logx) —(24+0)=2e+1.
1

19. a. Note thatf has local extrema wherg changes sign—a local minimum at
1 and a local maximum &. Next, sincef(0) = 1, the given areas and symmetry
imply (using the second form of the Fundamental Theorem &fuliss) that

1
f(1)=f(o)+/O flla)yde=1-3 -2 =74,

N

3
f@=ﬂwﬁﬁf@m=%+? 1 ang

Jun
N
¥)
w
M

f@=ﬂ$ﬁﬁﬂ@mzﬁ_af:;
5 2 15 15°

Therefore, the global maX|mum value pbn|[1,4]is &
value of fon[1,4]is %

b. The graph off has three points of inflection, corresponding to the loctkexa
of f/ (one betweer® and1, one at2, and one betwees and4).

c. Using the (first form of the) Fundamental Theorem of Calsubne has

4 row)|

and the global minimum

2\/:1,‘36,
=/f@ﬁf)
=2-3-%-2-3
19



