Sample examinations

a.

Clim ———
t—01 — cos 3t

. Evaluate each of the following limits.
. Bxd —Tx 412 . Vz2+5-3
lim ——— b. m —M ——
z—00 Tx — 4x3 z—2 r— 2
2t® 1
d. lim

1
+
xﬁ1+{z—1 x2—3x+2}

- lim f(x), if 20— 1< f(2) < z2foro <z < 3.
T—

. The functionf is defined by
22 +3 ifz <=2,
flz) = —5920 if —2 <z <5and
x if 2 > 5 andx # 6.
T —

Find and classify the discontinuities 6f Justify your answers and show all

relevant work.

wheref(z) =

. Givenf(z) =3 —

cy =2z —5)*(z?2 +3)3

. 22y? 4+ xsiny = 4 cos 3z

. At which points is the tangent line to the graphyo&=

. Find the absolute extrema ¢fz) =

. At what values of: is f continuous but not differentiable? Justify your answer.

2
z+1

. Find and simplifyfw.

h

. Use the result of part a. to fint (2).
. Use the laws of differentiation to check your answer td par
. Find an equation of the normal line to the graply @t the point where = 2.

. Find Z—y for each of the following.

T

3 . .
b y= —4—\4/323—|—4log33v—|—343”—4e3
T

z2/sinz |4
o v=ve{ G5 )

2

Ly = (2(E _ 1)tan 3z

horizontal?

z—3

. Let f be a function that is differentiable da
. Give an example to show tht need not be continuous @t

. Canjf’ have a removable discontinuity @® Justify your answer completely.

. Find the critical numbers of (z) = log(z? — 822 + 17).

sinx

——— ontheinterval 0, 7 ].
2+ cosx

. Give the equations of all (vertical and horizontal) asyrgr®f the graph of,

e

e2r — 3’
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10. Sketch the graph of (z) = §m5/3(8—x), showing clearly all (if any) asymp-
totes, intercepts, local extrema and points of inflection.

11. Inthe figure below is the graph of the derivative of a functfoan the interval

[—3, 3], with unit lengths marked along the coordinate axes.

a. Sketch the graph ¢f’ (z). y=f'(z)

b. Find:

i. the interval(s) on whicly is

increasing;

ii. the interval(s) on which the
graph off is concave down;

iii. the critical numbers off;

iv. thez-coordinates of the point(s)
of inflection of the graph of.

12. Sand is poured into a conical pile so that the height of thegdivays equal to
its diameter. If the sand is poured at the constant rafecnibic metres per second,
at what rate is the height of the pile changing when the hegghimetres?

13. Acylindrical package to be sent by a postal service can havax@mum com-
bined length and girth (perimeter of its circular cross isegtof 84 inches. Find
the dimensions of the package with the maximum volume.

14. Determine the number of real zerosfifr) = 2° + 523 — 50z — 35.

15. Evaluate each of the following integrals.
2 1 2
a. / (m + —2> dx b. /(3m7 N %31 - 63) dx
1 x
C./4Sln19d19 d./(\/t+3)(\/t_3) dt
cos2 9 3t

12 H 12 H
16. Evaluatei / —dty — / i Lnt dt
dx 1. t 1. dt t
2

2

17. Given
|z + 2| if £ <0,and
flx) = _
4—22 fo<a<2
1
Evaluate f(x) dx by interpreting it in terms of area.

-5

18. Find the area of the region bounded by the graplf@f) = 1 + 2 cosz and
thez-axis fromz = fmtox = m.

10
19. Given the definite integral (22 — 3z) da.
2

a. Approximate the value of the integral using a partition[2f10] into four
subintervals of equal length and taking midpoints as sapqies.

b. Express the integral as a limit of Riemann sums, and eeatha limit without
using the Fundamental Theorem of Calculus.



Sample examinations (solution outlines)

1. a. Extracting dominant powers gives

523 — Tx 4 12 - lm 2T 7/x? +12/23 _
Tz — 428 z—00 T/x% — 4

sincel/zP — 0 asx — oo for any positive real number.

b. Rationalizing the numerator, and simplifying the rasgltexpression in the
limit, gives

lim
&Tr—r 00

ot

VT2 +5—-3 Va2 +5+3 , 2 —4
im . = lim
52 -2 Va? +5+3 222 (z—2)(vV22 +5+3)
X x+ 2
= lim ——
=2 /22 £ 54+ 3

2

=2
c. Multiplying and dividing by9 log 2(1 + cos 3t)t? gives
i 2t2 —1 9log2(1 + cos 3t)t>
1m B
t—0 1 —cos 3t 9log2(1 + cos 3t)t?

{etz log2 _ 1 (sin3t)72 (1 4+ cos3t) log2}
t2log 2 3t 9

= lim
t—0

= % log 2,

since lim S22 = 1 (with z = 3t) and lim £-=1 = 1 (with z = 2 log 2).
z—0 z—0 =T
d. Combining terms and simplifying gives

I 1 " 1 x—1
im =
e+t lz—1 22 —-3x+2

S T D@ =)

= lim
z—1t T — 2
= -1
e. Since2z — 1 < f(x) < x2for0 < z < 3,
lim(2z —1)=1 and  lim 22 =1,
rz—1 rz—1

the Squeeze Theorem implies tHzimml flz) =1.
r—r

2. a. Since the parts gf are defined by rational functiong,is continuous except
possibly at-2, 5, and f is certainly discontinuous &, which is not in the domain
of f. Since
f(=2)= lim f(z)=(-22+3=7, and lim f(z)=—5(—2) =10,
r——2" r——2T1
it follows that f has a jump discontinuity at2. Next, since
52
lim f(z)=-5-5=-25 and f(5) = lim f(z)= = —25,
r—5" z—51 5—6
it follows that f is continuous a5. Finally,

lim f(z) = —oco and
r—6—
sincex? — 36 andz — 6 — 0% asz — 6%, sof has an infinite discontinuity at
6.
b. Again, since the parts gf are defined by rational functiong,is differentiable
except possibly not &, and certainly not at-2 and6, where f is discontinuous.

lim f(z) = o0
z—67+

Since )
t) — —5t
lim 1) = 1) = lim 25 lim (—5) = —5,
t—5— t—>5 t—=5 t—5 t—5
and
t)— f(5 t2/(t —6) +25 t2 4 25t — 150
o JO TG L2/ —6) +25 +

t—s5+ t—5 T (t—5)(t—0)
i (¢ H30)(t = 5)

t—5+ (£ —5)(t — 6)

t—5+ t—>5

. t+ 30

= lim
t—»5+ t—6

= —35,

it follows that f(5) is undefined. Thereforg, is continuous but not differentiable
at5 (and is otherwise differentiable where continuous).
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3. a If f(z) =3—-2/(x + 1), then
f2+h)—f(2) 1{ 2 ) ( 2 )}
FA S S/ 33— —— ) - (33— ——
h h (2+h)+1 241
_ z{—_l N 1}
" hlh+3 3
2
e — ided h # 0.
3(h+3) provide #*
b. By definition (and part a),
roy _ e J2HR)—f(2)
f1(2) = lim —————— = 3.
c. By the power rule and linearity of the derivative,
y d{ ,1} s 2
=—<93-2 1 =2 1 = —,
f (Z‘) dx (SE+ ) (Z‘-‘r ) (SE+1)2

and thereforef’(2) = 2/(2 + 1)% = 2.

d. The slope of the normal line to the graph pfat the point wherec = 2 is
—g (since it is perpendicular to the tangent), and gheoordinate of the point
on the graph off wherez = 2is f(2) = 3 -2/(2+ 1) = % Therefore,
9z + 2y = 9(2) + 2(3) = &, or27z + 6y = 68, is an equation of the normal
line to the graph off at the point where: = 2.

4. a. Ify = (2z — 5)4 (22 + 3)3, then

d
dﬁ = 8(2z — 5)%(22 + 3) + 62(2z — 5)4 (22 + 3)2
T
=22z — 5)3(2? + 3)2(1022 — 15z + 12).
b. If
— 3 4/..3 Ax 3
y = i vV +4logs x + 3% — 4e
=3z"% — 2%/* 1+ 4(log z)/ log 3 + ¥ 1983 _ 4¢3,
then
d
ﬁ = —1227% — %m71/4 +4/(xlog3) + et 19834 10g 3,
c. Differentiating each side af2y2 + x siny = 4 cos 3x with respect ta gives
d d
2acy2 + 2x2y—y +siny + xcosy—y = —12sin 3z,
dx dx
or
dy _ . : 2y.
z(2zy + cos y)d— = —(12sin3z + siny + 2zy°);
x
therefore,
dy  12sin3z +siny + 2xy?
de z(2zy + cosy) '
d. If
logd ZVERE YT o (sinz) — 12log(2z — 3)
= lo, =8logzx og(sinz) — 12log(2z — 3),
y =108\ (7, —3y3 g g g
then
d 8 24
w_° + 2cotx — .
dr =z 2z — 3

e lfy = (2:E _ l)tan 3z _ o(tan3z) log(2x71)’ then

d_y = e(tan3z)log(2z—1) {?)(sec2 3z)log(2x — 1) +

2tan 3x
dx

2z — 1
= (2z —1)tan 3””71{3(5002 3z)(2z — 1) log(2z — 1) + 2tan 3z}.

5. If y = €2*/(x — 3), then

dy  2e?%(z—3)—e?® 222z —7)

dz (z —3)2 (z—3)2 '
which is zero if, and only ifx = % wherey = 2¢7. Therefore, the tangent line
to the given curve is horizontal at the po(rgt, 2¢7).




Sample examinations (solution outlines)

6. a. If fis the function defined by

22sin(1/z) if 2 # 0, and
Flo) = (1/z) iz
0 if xt =0,
then
2x sin(1/x) — cos(1/x) if x # 0, and
0 if £ =0,
which is clear except dt, where it follows from the definition of the derivative:
SO -fO)
! _ — e
f'(0) = tlgr(l) 0 tlgr(l)tsm(l/t) 0

by the Squeeze Theorem (becausi| < tsin(1/t) < [t| for t # 0, and
tling)(i\ﬂ) = 0). Sof is differentiable orR. However, lin% 2xsin(1/z) = 0
— T—

(as was seen in the calculation $f(0)) and hnb cos(1/z) is undefined (since
Tr—r
cos(1/xz) oscillates betweer-1 and1 asz — 0), and solimo f'(=x) is undefined.
xTr—r

Therefore,f’ is not continuous &l.
b. If f is differentiable onR then, by the Mean Value Theorem, for every real
numberz # 0 there is a real number, betweerD andz such that
J@ =10 _ e
z—0
Since&, is betweenr and0, £, — 0 asz — 0, andé; # 0if ¢ # 0. So if
g}% f'(x) is defined, then it follows that

L
lim f() = lim f(62) = lim

Therefore,f’ cannot have a removable discontinuityOat

7. If f(z) = log(a* — 822 + 17), then
423 — 167 4z (2% — 4
fl@)=— P) :4(2)'
4 —8x?+17 zx* —8zx2 417
Sincex* — 8z2 + 17 = (22 — 4)2 + 1 is never zerof is continuous oR. So
the critical numbers of are the zeros of’, i.e,, 0 and+2.

8. If f(x) = (sinz)/(2 + cosx), then

(@) (cosx)(2 + cosz) — (sinx)(—sinx) 14 2cosz
x) = = s
(2 + cosz)? (2 + cosx)?
which is defined for all real values af and zero ifcosz = —%, ie, if zis

%n + 27n, or %n + 27n, wheren is an integer. So the only critical number pf
in [0, 7] is 2m. Comparing
fO)=0,  f(3m)=35V3 f(m) =0,

reveals that the absolute maximum valugf@n [0, « | is f(%n) = %\/3 and the
absolute minimum value of on [0, ] is f(0) = f(w) = 0.

and

9. Sincee! — 0 ast — —oo, it follows that
) eQm ) e2m )
lim — =0, and lim = lim —— =1,
z——00 2T — 3 z—00 2T 3  x—oo ] — 3e—2%
soy = 0 andy = 1 are equations of the horizontal asymptotes of the graph of
Also, sincee?* — 3%+ asz — 1 log 3%, it follows that

e2w

1

im 27::|:oo,
zﬁ%logfii esr —3

and so% log 3 is an infinite discontinuity off. Sincef is continuous at every real
number excep% log3, z = % log 3 is the equation of the vertical asymptote of
the graph off.

10. The functionf is continuous orR, and its end behaviour is similar to that of
—%xs/f’, so its graph has no asymptotes. The intercepts of the gfaplae the
origin and(8, 0). To compute the derivatives ¢f first note that

F@) = 1a/3(8 — 2) = 8a5/3 — 148/3,
and so

fl(x) = 4—9?322/3 — %m5/3 = %w2/3(5 —x),
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and

80,.—1/3 _ 40,.2/3 _ 40 ..—1/3 (9 _
55T 5= =5 (2 —x).

f(@) =
The derivative off is defined for all real values af and is zero ifc = 0, 5. Since
x2/3 is never negativef’(z) > 0if = < 5andf’(x) < 0if z > 5. Therefore,
f is increasing o{ —oo, 5 ), decreasing o1(5, oo ), and has a local (and global)
maximum valuef(5) = £5%/3(8 — 5) = 5{/25. The second derivative of is
defined for all real values af except0, and is zero ifr = 2. f"(z) is negative
if ¢ < 0orz > 2, and positive if0 < x < 2. Therefore, the graph of is
concave up orf 0, 2 ), concave down ol —oo, 0 ) and on( 2, oo ), and has points
of inflection at the origin and &2, 4/4) (sincef(2) = $2°/3(8 — z) = 4/4).
Below is a sketch of the graph ¢f with the points of interest emphasized.
Y

5425 1 y=32°38 - 2)

11. a. Below is a sketch of the graph ¢f'. From the graph of’ you would not
be able to tell thajf’ is piecewise quadratic (and g¢ is piecewise linear). What
is essential is that the graph shows tlfét is positive on(—1,1), zero at+1,
negative on( —3, —1) and on( 1, 3), increasing or( —3,0) and decreasing on
(0,3).

y=f"(z)

b. i. fisincreasing orf—3,—2) and on(0,2) (wheref’ is positive).

ii. The graph off is concave down orf—3,—1) and on(1,3) (where " is
negative).

iii. The critical numbers off are0 and=+2 (wheref’ is zero; note thaf’ is defined
throughout] —3, 3] so there are no critical numbers of the second kind).

iv. The graph off has points of inflection at-1 (where f’/ changes signi.e,
where the graph of changes concavity).

12. If h denotes the height of the pile of sand, then the radius ofitbésp%h. So
the volume of the pile i§” = %w(%h)Qh = {5 wh3, and therefore

A% dh
5=— =inh?—.
dt dt
When theh = 2, this gives
dh dh
5=17r(2)2—, — =5/m.
77(2) 7 or 7 /m

Hence, the height of the pile is increasing at a rat&/of metres per second when
itis 2 metres high.



Sample examinations (solution outlines)

13. If ¢ is the girth of the package, then its length8is — g and so its volume
satisfiestnV' = 472 (g/27)? (84 — g) = 8492 — g°, where0 < g < 84. Then

v )
47rd— = 168g — 39~ = 3g9(56 — g),
9

so the only critical number of in (0,84 ) is 56. SinceV = 0 at the endpoints,
0 and 84, of its relevant domain, it follows that the package with thaximum
volume has girtts6 inches and lengtB4 — 56 = 28 inches.

14. Sincef is a polynomial function, it is differentiable (and theref@ontinuous)
onRR, so the Intermediate Value Theorem and Rolle’s Theorem dogy to f on
any closed interval (of positive length). Observe that

f(=2) = =7, f(—=1) =9, £(0) = =35, f(2) = —63, and f(3) = 193,

so the Intermediate Value Theorem implies tfidiias zeros iff —2, —1), (—1,0)

and (2,3). Therefore, f has at least three real zeros. On the other hand,
f(x) = 5z* + 1522 — 50 = 5(z2 + 5)(22 — 2), which is zero if, and only if,

x = £+4/2. Sof cannot have more than three zeros since Rolle’s Theorenieisnpl
that between any two zeros ffthere is a zero of’. Therefore,f has exactly three
real zeros.

15. a. Expanding and integrating term by term gives

2 1 2 2
/(:C-l——z) d:c:/ (x2+2x71+:c74)dx
1 T 1
2
= %x3+210g:c—%x73)
1
=2l 4 2log2.

b. Integrating term by term yields
/(3907 -z + %3”” —e¥)dx = %xs — %\/:cg +3%/(Tlog3) — 3z + C.

c. Revising the integrand gives

/4511“9 d19:4/sec19tan19d19:4secﬁ+0.
cos2 ¥

d. Expanding the numerator, dividing, and integrating tegnterm, gives
(Vt+3)(vt—3) -
/———37———ﬁ=%/0—w1ﬁ“=¥—m%m+a

16. Applying the first form of the Fundamental Theorem of Calsu{and the
Chain Rule) to the first term, and the second form of the Fureddah Theorem
of Calculus to the second term, gives

z2 z2 s
i{/ smtdt} _/ i{smt}dt
de |J1, t 1. dt t

2 2

2
sinz? d , o sint |*
= (%) = | —
x2 dx t 1.
3
sin 22 sinz?  sin %n
T2 2 2 1z
2
2
sinx
=2 2z — 1) + 2/m.
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17. The graph off is sketched below, and the integral in question is equaléo th

y = f(=)

area of the shaded region.

The shaded is decomposed into three triangles and a cirmedéor. The leftmost
triangle has widtt8, height3 and area%; the middle triangle has heigBt width

2 and area; the rightmost triangle has width, height/3 and area% v/3. The
sector subtends an angle%yfr in a circle of radiu, so its area is}g «. Therefore,

1
Lf(x)dx:g+z+%\/3+§n: 181 s 1,
18. If f(x) =1+ 2cosx > 0, thenf(z) > 00n[%7r7 %W} andf(z) < 0on

[ %w, « |. Therefore, the area bounded by the graplfi ahd thez-axis on| éw, |
is equal to

/ |1—|—2cosgv\dm:/‘1 (1+2cosx)dm—/ (14 2cosz)dx
7 s

%” 67

Wi

™

— (z +2sinx)

™

= (z + 2sinz)

™

=-14+2y3+ 7.

2n

o=

19. a. Dividing [2, 10] into four subintervals of equal length givész = 2 and
x; =2+ 2ifori =0,...,4,0r2,4,6,8, 10. The midpoints of the intervals in
the partition are3, 5, 7 and9. Therefore, the midpoint sum in question is

My =2{fB3)+ F(B) + f(7)+ f(9)} =2{0+ 10+ 28 + 54} = 184.
b. Dividing [2,10] into n subintervals of equal length givedz = %, and
T, =2+ %i, fori =0,...,n. The corresponding right endpoint sum is

i;{(2+%)2—%(2+%)}

Fn

1

Il
S|
Il 3
-
—

|

(V]

+

|00

&

[«2]

=

IR

»
——

32 1
A
=16{-1+2(1+1/n) + (1 +1/n)2+1/n)},

By expanding and applying the summation formulee for powEherefore,

(n+1)2n + 1)}

10
2 — i — 321 _ 560
/2 (z —3:c)dx—nhﬁmoo%’n—16{—1+2+?}—T.



