Sample examinations

3

1. a. Find the exact value of cos (tam_1 (2—> ) .
T

b. Use your answer to Part a to evaluate

feos(snt (2 .

2. Evaluate each of the following integrals.

2 _ 1
N / 11z® — 14z + 8 de b, /4 arccos(2x) d
(22 —1)(=2 +1) o V1—4a2?

ind /1 — 2
c. /a:scos(a:z)d:c d. /wda: e. /%d

cos(5x)

3. Evaluate each of the following improper integrals.

e dx 1™ sec?x
a. T b. dx
5 x¢—10x + 29 0 Vtanz

4. Evaluate each of the following limits.

2 t 2
a. hm {sec 3z)sin(z — % )} b. lim (Inz)T=Wz c. lim arctan(2z)
a—lw z—re— z—0 arctan(5z)

5. Find the area of the region enclosed by the graphs of
y=vzr+1 and y=3 (:(:+1)

6. Let % be the region bounded by the graphs of y = —22 + 3z and y = z2.
Set up, but do not evaluate, an integral which represents the volume of the solid
obtained by rotating the region % about

a. the y-axis, b. the line defined by y = —1.

7. Find the length of the curve defined by

y = 21n(cos %x), %W <z< %TF.
8. Solve the differential equation
Qy/ + 22y = 3z,

giveny(1) = land z > 0.
9. Find the limit of the sequence whose general term is
4
an = oo + 3arctan(ln(n2)),

or else explain why the sequence diverges.
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10. Determine whether each series is convergent. Justify all assertions carefully.

aiuin% Z( \/ll#)k

-2(30) + 2 (%)

11. For each of the series below, determine whether it is absolutely convergent,
conditionally convergent or divergent. Justify all assertions carefully.

a i cos(mn) Z (-1) k5kk2
" 4~ 1In(4n)
n=1
12. Find the sum of each series, or explain why the series diverges.

> 1 1 on—1 >

13. Suppose that the power series

o0
E cnx™
n=0

converges if x = —5 and diverges if * = 7. Investigate the convergence of each
of the following series. Justify your answers.

oo} oo (oo} oo
a. Z(—l)"cn4” b. ch5” c. ch d. Z(fl)"CHB”
n=0 n=0 n=0 n=0

14. Find the radius and interval of convergence of the power series

o (_1)n32n
> @2
n=1 n

15. Find the Taylor series centred at 5 of the function f defined by
1
z) = .
@) = 53—
Write the first five non-zero terms of the series explicitly, and give the interval of
convergence of the series.




Sample examinations (solutions)

3 3
1. a. Letd = tan— ! (—);so tan?¥ = — and 7%7’!’ <9< %TK‘. Since
2z 2z
1 1 B 1 _ (2¢)?
secQﬁ_1+tan2t9_1 (3)2_4x2+9’
2z

cos? 9 =

and since cos 9 > 0 if 7%# <9< %ﬂ', it follows that

Cos(tanfl(in _ 2l
2z 422 +9°

provided z # 0. (The function has a removable discontinuity at the origin.)

{\/ 422 +

b. Since

} v 4z2
it follows that

3
/cos(tamf1 (%)> dx = %\/4x2 +9+C,

on any interval which does not contain zero (and approaches C' + % as ¢ — 0%).

2. a. The resolution into partial fractions of the integrand has the form
1122 — 140 +8 A L Be+C
2z —1)(z2+1) 22—-1 22+1°
and A = 3 is obtained by covering. Clearing denominators gives
112% — 14z + 8 = A(z? + 1) + (Bz + C)(2z — 1),

and comparing the coefficients of =2 yields A 4+ 2B = 11, so B = 4. Comparing
the constant terms yields gives A — C' = 8, so C' = —5. Therefore,

1122 — 14z + 8 3 dr —5
xiﬁdx:/{ L& }dz
2z —1)(z2+1) 2z —1 z2+41

= % log|2z — 1| 4 2log(z? + 1) — 5arctanz + C.

b. If t = arccos(2z), then

1 1
1 arccos(2 27
/‘géiuﬂm:%/ tdt =1
0 V1—4x2 %7\—

c. If t = 2, then repeated partial integration gives

/x5 cos(z?) dx = %/t2 costdt

= %(t2 sint — 2¢(— cost) 4+ 2(—sint)) + C

= %(14 — 2)sin(z?) 4+ 22 cos(z?) + C.
d. If t = cos(5z) then

in3(5 t2 -1
/Elgﬁm:%/ dt = 5t —
cos(5z) t

1

= {5 cOs 2(5z) — %log|cos(5x)| +C.

e. f0<z<landt =211 —22 =+V2—2 —1,then —tdt = 23 dx, so
V31— d
/4ﬁ;ﬂi:/VfLJ‘%:—/Rﬁ:
x x
(1 _ 12)3/2
——+C
3z3
If —1 < x < 0 the same result follows by symmetry (since the derivative of an
odd function is even).

Lioglt| + C

1,3
e

3. a. Since z2 — 10z + 29 = (x — 5)2 4+ 4, integrating by inspection gives

o0 dx 1
. 22 105529 = ahﬁm 5 arctan(2 (z—5))

o

5

1
Zﬂ-

b. Since the antiderivative 2+/tan « of the integrand is continuous on [0, Ll ] , it

1
follows that
i sec?x Viano —
dr = 2\/tan T — 2vtan0 = 2.
[) Vtanzx
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4. a. Revising the expression in the limit and then applying 1’H6pital’s Rule once
gives

sin (:c - l7r)

. 3 . cos(x — %w)
1 —_— _— =

1
el cos(3z) a—in —3sin(3z) 3
b. The expression in the limit is equal to e¥, where
2log I —2logl -
Y= oglogz _ oglogz  x—-e = 2 _
1—logx T —e logz — 1 e

as x — e, by the definition of the derivative of a function. Therefore, the limit in
question is equal to e 2.

c. Since

t
lim &€ an(ax) o
x—0 x

by the definition of the derivative of a function, the limit in question is equal to %

5. The curves meet where x + 1 = 23/ + L,or (Vz + 1 —2)/z + 1 =0, e,
where zis —1lor3. If —1 < z < 3then (v/z + 1 — 2)v/z + 1 < 0, so the area
of the region enclosed by the curves is equal to

3

3
[ e na= et dee [ =4
6. The curves meet where z2 = —z2+ 3z, or z(22—3) =0, i.e., where xz = 0or
T = 3 dfo< < 3, x(2x — 3) is negative, so the graph ofy = 22 is below the
graphofy = —x2 +3x;hence, Z = { (z,y): 0 <z < 2 andO < 3z —2x2}.
a. The solid obtained by revolving # about the y-axis can be decomposed into
concentric cylindrical shells of radius « and height 3z — 222, for 0 < z < %

its volume is equal to
3

271'/2 z(3z — 222) da.
0

b. The solid obtained by revolving # about the line defined by y = —1 can be
decomposed into annuli of inner radius 1 + z2 and outer radius 1 + 3z — 2, for
0<z< %, so its volume is equal to

W/E{(l—‘r&’[ —z3% -1 +3:2)2}d:r.
0

7. If y = 21n(cos %x), then

2
% :—tan%m, and so % =4/14+ (%) = sec %m,
at least if 0 < x < 7 (among other possibilities). So the length of the curve in
question is equal to

" 1 1 1
/1 sec srdr = 210g(sec 5T + tan 5x) ‘

™

=
3

=
3

3

1 1 2
P K B o,
2V3+3v3 V3

=1log(1+ 2/2).
8. The equation 22y’ + 2zy = 3z is equivalent to

d o 2 3.2

—(z = 3z, or zy = 52° + C,

dz (=*y) ¥y=3

on any interval where x does not vanish. The requirement thaty = 1if z = 1
implies that C' = — %, and so the solution of the equation is

2 3,2 1 3 1,.—2
Y 2 2° T Y 2 2 ’
where z > 0.

9. Asm — o0, 4/9" — 0 and In(n?) — oo, so arctan(In(n?)) — %w.

Therefore, the sequence in question converges to %w.

10. a. Since

e” e
0< —— < ——=¢",
1+ e2n e2n
if n > 0, and since >_ ™™ is a convergent geometric series (|| = e~ < 1), the
Comparison Test implies that the series
i en
14 e2n

n=0
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is convergent.
b. Letag = (1 — k*2/3)k;then

klog(1—k~=2/3) _ —k'/3—k=1/3/2—k=1 /3—... < k'3

O0<ap=ce

if k > 2, using the Maclaurin expansion

o0
log(l —z) = Z

n=1
(whichis validif —1 < z < 1) withz = k=2/3. If t = k'/3, then
b S i B i 2 g
um k;*4/3 o ti>nc}o et o ti>nc}o et -

by four applications of I’Hopital’s Rule, so the Limit Comparison Test implies that

the series > e‘kl/3 converges with the p-series > E=4/3 (p = % > 1). Hence,

by the first displayed inequality, the Comparison Test implies that > aj converges
. _El/3

with 3" e .

c. If
25 +1\7 ; 24+1/j
aj = ( s ) . then  lim(ay)V = lim 27 M9 _ 2,
3j+1 3+1/j
which is smaller than 1, so the Root Test implies that ) a; is a convergent series.
d. Since lim(l + 7/4m) = 1, the vanishing criterion implies that the series
> (14 7/4™) is divergent.
11. a. If
_ 1
" log(4n)’

then, since 0 < log(4n) < 2logn < 2n/e < n, if n > 4 (from Calcu-
lus I the largest value of (logz)/z is (loge)/e = 1/e), and since the harmonic
series > n ™! is divergent, the Comparison Test implies that 3" a., is divergent.
However, {log(4n)},>1 is positive, increasing and unbounded, so the Alternating
Series Test implies that > (—1)™ax, is convergent. Hence, the series >, (—1)"an,
ie., > {cos(mn)an }, is conditionally convergent.

b. If
(_1)k5kk2
A = —— > >
(2k)!
then
| L] Mk +1)% (2R 5y (TR
ay (2k + 2)! 5k k2 2 (k+1)(2k +1) ’

so the Ratio Test implies that ) ay, is absolutely convergent.

12. a. The series in question is apparently telescoping, and the general term of its
sequence of partial sums is equal to

1
arccos ( %) — arccos (?) N
n

) — arccos(0) = %71' —ir=—1n

which converges to arccos( 5 3

1
2
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b. The series in question is a geometric series with ﬁrst term % and ratio %, soitis
convergent and its sum is equal to %/(1 — 7)

c. Separating the terms of the series gives

o0 oo o0
1+k 1\ k k
>~ G o
=1 2 k k=1 =12 k

provided the terms on the right both converge. The first term on the right is a

convergent geometric series whose sum is % / (1 - %) = 1. The second term is
1
5 ’
sum is — log(l - %) = log 2 (the Maclaurin series is displayed in the solution to
Question 10b). Therefore, the sum of the series in question is log(2e).

obtained from the Maclaurin expansion of — log(1 — ) by letting z = 3, so its

13. Let f(x) denote the power series in question, whose interval of convergence
includes the interval [ —5, 5 ), is included in the interval [ —7, 7 ), and may be equal
to either of these intervals.

a. The series in question is f(—4), which converges since —4 belongs to [ —5, 5 ).

b. The series in question is f(5), which may converge or diverge, since 5 belongs
to [—7,7), but does not belong to [ —5,5 ).

c. The series in question is f(1), which converges since 1 belongs to [ —5,5 ).

d. The series in question is f(—8), which diverges because —8 does not belong to
[=7,7).

14. If uy, denotes the general term of the given power series, then (provided x # 2)
n+1/4
n+3/4
so the Ratio Test implies that > un converges if 9|z — 2| < 1, i.e., %7 <z< %9,
and diverges if x < -5~ Torz > 2 Ifx

= 9|z — 2|lim =9z —2|,

Un

w
lim' Un+1

7 then u, is equal to

L > ip~!
an+1 737 7
1

providedn > 1,and > n~ 1 is a divergent p-series, so >~ up diverges if z = 5 -

Ifz = % then > up is > (—1)"an, which converges by the Alternating Se-
ries Test, since ay, is positive if n > 1, decreasing (since it is the reciprocal of

an increasing function) and lim a,, = 0. So the interval of convergence of > ur,

17 19 ; is L
90 ] , and the radius of convergence of > uy, is 5

an =

15. Revising the expression defining f and then expanding the resulting geometric
series gives

[e9]

1 1 1 L 5)/3)"
= . = —= x—
2—z 3 1—(—(xz—5)/3) 3k:O

f(@)

_ 5)k

Il
(e
N
W=
E
£

=—1+i@-5—5@—-5)°+ -5 gz@—-5)"+--

provided | 3 :c—5)| < 1,i.e,2 < x < 8(which gives the interval of convergence
of the series).



